ABSTRACT. We compute support of formal cohomology modules in a serial of non-trivial cases. Applications are given. For example, we compute injective dimension of certain local cohomology modules in terms of dimension of their's support.
Let R n := Q[x 1 , . . . , x n ] (x 1 ,...,x n ) and p ∈ Spec(R n ) be of height h. In §3 we show Supp(D(H h p (R n ))) = Spec(R n ). This yields Conjecture 1.1 for some primes in R n , see Corollaries 3.6, 3.7 and 4.6. In Corollary 3.10 we check Conjecture 1.1 for any monomial ideal with respect to a regular sequence over Cohen-Macaulay rings. In §4 we connect D(H i I (R)) to topology of varieties. As an application, we present Conjecture 1.1 for locally complete-intersection (abb. locally CI) prime ideals of R n . Recall that I is called locally CI if I p is CI for all p ∈ V(I) \ {m}.
In the case of prime characteristic for the Cohen-Macaulay ideal I ✁ R, Peskine and Szpiro proved that I is cohomologically CI in the sense that H We present four situations for which f I (R) = q I (R) = ht(I): i) I is locally CI and equi-dimensional, ii) I is equi-dimensional and dim(R/I) = 2, iii) I is monomial (not necessarily squarefree) and R/I is generalized CohenMacaulay, iv) dim R < 7 (or char R > 0) and R/I is generalized Cohen-Macaulay. This is a local version of:
MATLIS DUAL OF LOCAL COHOMOLOGY
The i-th local cohomology of (−) with respect to a ✁ R is H i a (−) := lim − →n Ext i R (R/a n , −). By Supp(M) we mean {p ∈ Spec(R) : M p = 0}. If M is finitely generated then Supp(M) = V(Ann(M)). The finitely generated assumption is really needed. However, for any module M, always Supp(M) ⊆ V(Ann R (M)) holds. By dim(−) (resp. id(−)) we mean dim(Supp(−)) (resp. injective dimension). We start by showing that the module version of Conjecture 1.1 is false:
Example 2.1. There is a local regular ring A and a finitely generated module M such that H 1 m (M) ≃ R/m, see e.g. [15] . It is enough to remark that Supp(D(H 1 m (M)) = Supp(D(R/m)) = Supp(R/m) = {m}.
Observation 2.2. Let (A, m, k) be a local ring, M any module (not necessarily finitely generated) and a be an ideal.
In the case M is finitely generated the following is in [25, Corollary 3.10] .
Recall that p ⊃ a. By looking at (+) we find a contradiction.
*
The cohomological dimension of M with respect to a is the supremum of i's such that H i a (M) = 0. We denoted it by cd(a, M), and we may use cd(a) instead of cd(a, R). It follows easily from [13, 1. 
Let (R, m) be complete and local with minimal prime ideals of different heights. Such a thing exists. Then 
Proof. We may and do assume that R is complete. Suppose on the contradiction that R is not Cohen-Macaulay.
There is an i < dim R such that H i m (R) = 0. This is proved by Roberts that dim(R/ Ann H i m (R)) ≤ i, see [24] . It turns out that Ann H i m (R) = 0. We deduce from this observation that Ann 
We close this section by presenting some motivational examples. 
I (R)) we may assume that I is radical. First, assume that | min(I)| = 1. So that it is irreducible. A monomial ideal is irreducible if and only if it is generated by pure powers of the variables. In particular it is complete-intersection. In this case, the desired claim is due Hellus, see [ 
, and
The assumption implies that dim( 
From this we get that Supp(lim
We call this property by ( * ). Keep in mind that p n + q n is generated by powers of variables. Suppose first that lim
. From this, we get the claim, because
Without loss of the generality we assume that
is Cohen-Macaulay. To get a contradiction it remains to apply ( †).
Proof. It turns out from Mayer-Vietoris that H 3 
By (HLVT) we mean Hartshorne-Lichtenbaum Vanishing Theorem.
Proof. We deal with the case dim R = 3. We may assume I is radical. First we deal with the case ht(I) = 1 and that I is height unmixed. It turns out that I = (x) for some x. It is proved in [11, Thorem 1.3] 
. Now, we assume I is any height one ideal. We are going to reduced to the unmixed case. Write I = J ∩ K where J is unmixed, ht(J) = 1, ht(K) ≥ 2, and ht(J + K) ≥ 3. In the light of Mayer-Vietoris there is an exact sequence In the light of this fact we see Supp(D(H 2 I (R))) = Spec(R). Finally, we assume ht(I) = 3. We have
Lemma 3.3. Let R be a regular local ring containing a field and I be an unmixed ideal such that cd(I)
(R)) = 0. We may assume that char R = 0. By a result of Lyubeznik (R))) = Spec(R).
Corollary 3.4. Let R be a regular local ring of dimension 4 containing a field and I be an ideal of height 2 and cd(
Proof. Without loss of the generality, I = rad(I). We may assume that I is not unmixed, see Lemma 3.3. Write I = J ∩ K where J is radical and unmixed, ht(J) = ht(I). Also, K is radical, ht(K) > ht(I) = 2 and ht(J + K) = 4. We can assume K = m, i.e, dim R/K > 0. In the light of Mayer-Vietoris there is an exact sequence
Proof. Since the proposition is trivial for the maximal ideal, we may assume that dim R/p > 0. The proof divided into some steps.
Step 1) Let A be a countable local ring, J ⊳ A and M a complete A-module with respect to J-adic topology.
Here, we use a trick taken from [27, 9.3] . Recall that Supp(M) ⊆ V(Ann A M). Suppose on the contradiction that 
Step 2) Let I ⊳ R be such that Step 3) Let A be any Gorenstein local ring and q a prime ideal of grade g. Then Ass(H g q (A)) = {q}. This follows by looking at the explicit injective resolution of A: Let △ i be the prime ideals of height i. The h-th spot of the resolution is p∈△ h E A (A/p). If we apply Γ q to it we see that H g q (A) ֒→ E A (A/q). Since Ass(E A (A/q)) = {q}, we have Ass(H g q (A)) = {q}.
Step 4) Since zd(H
. Then pC = 0.
Indeed, suppose on the contradiction that pC = 0. This in turns equivalent with p H 
To get a contradiction it remains to note that id R (H h p (R) p ) = 0. In sum, pC = 0.
Step 5) We look at the exact sequence 0 → H 
Corollary 3.7. Let R := R n and p ∈ Spec(R) be of height at least n − 2.
Proof. We may assume that n > 3 (see Proposition 3.2). In view of Fact 3.2.A) we may and do assume that ht(p) = n − 2. If cd(p) = n − 2, then p is cohomologically CI. The desired claim is Corollary 3.6. By (HLVT), cd(p) = n. Without loss of the generality, we may assume that cd(p) = n − 1 (this may rarely happen, see e.g. the second vanishing theorem [9, Theorem 7.5]). Since H 
Proof. Here, D(−) := Hom
)). We use a trick taken from [15] . We may replace I by its radical. A monomial ideal is radical if and only if it is squarefree monomial ideal. We assume that I is squarefree.
Step 1) One has (1.a) : Ext 
Let J be a monomial ideal. In the same vein, we have F q (Ext
, R/I [q] ). Since F q computes with taking direct limit and by the previous isomorphism, we have
Step 2) There is an artinian module N such that
with surjective morphisms. Indeed, first we denote the local duality by (+) and remark that: Step 3) Let J := Ann R (N). We are going to show that J is monomial. Recall that Ann R (N) = Ann R (D(N) ).
Step 4) There exists an element n := (n 0 , n 1 , . . .) ∈ D(H i I (R)) such that n k ∈ F q k (N) and F q k−1 (n k ) = n k−1 and with the property that Ann(n k ) ⊂ m k for all k ≥ 4. This step is in the proof of [15, Theorem 1.1]. For the simplicity of the reader, we repeat the main idea: Since J is monomial, Ann(F q (N)) = J [q] . In particular, ker (F q 
Let b 1 ∈ Soc(ker(α)), and define b k as the image of b k−1 under F q . Let n 0 ∈ N. By the subjectivity, there are n i such that
In the second possibility we replace n i with n k + b k and denote it again by n i . This is now clear that Ann(n k ) ⊂ m k for all k ≥ 4.
Step 5) Here, we present the proof: Let r ∈ Ann(n). Then r ∈ Ann(n k ) ⊆ m k = 0. From this, we get that
Hellus proved that Supp(D(H cd(I) I
(R))) = Spec(R) over any equi-characteristic analytically irreducible local ring provided I generated by a regular sequence. We extend this in the following sense:
Corollary 3.10. Let (R, m, k) be a Cohen-Macaulay equi-characteristic analytically irreducible local ring, I a monomial ideal with respect to a regular sequence such that H
Proof. We may assume that R is complete. Let x be a regular sequence such that I is a monomial ideal with respect to x. We extend x to a full parameter sequence x 1 , . . . , x d of R. By Cohen's structure theorem, R is module-finite over
Since R is Cohen-Macaulay and by applying Auslander-Buchsbaum formula, the extension R 0 ⊂ R is free. Note that I = JR for some monomial J ✁ R 0 . Recall that
Since the extensions are integral we see dim(R) = dim(R 0 ) = dim( 
Proof. By completion we mean completion with respect to m-adic topology. Remark that R is local. It is easy to see 
which are isomorphisms for j < s and injective for j = s.
Recall that H 
) is free and finitely generated.
). In particular, D(H 2 a (R)) is flat. If it were be finitely generated then we should had
) is artinian. This is a contradiction. In particular, 
AN APPLICATION: COMPUTING THE INJECTIVE DIMENSION
Let A be a noetherian ring of finite Krull dimension and a ✁ A. Recall from [6] that f a (M) is the largest integer n such that H i a (M) is a finitely generated for all i < n. Recall from [9] that q a (A) is the greatest i such that H Here, R is regular and contains a field. In the previous sections we make use of the fundamental inequality id R (H i I (R)) ≤ dim R (H i I (R)). Over certain polynomial rings this is in fact an equality, see [22] . There is a difference between the local and global case, because of examples due to Hellus even the ring is 3-dimensional. 
